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m m

R m m g kz

− + + = − +− + + = − +− + + = − +− + + = − +
++++

= + −= + −= + −= + −
  

0
�z�x 1Mدر ا
DW' ا
OW� "$M أن �M�ن R 1هiا �%�1 أن <<<< 2( )
i

m m g
z

k
++++<<<<  

 =>+1 2( )
m

m m g
Z

k

++++

1M ���� ا
d 1E 'DW>آ" �i6iب d�ل  ====O  OW�1i m iz Z z cm<<<< ⇒⇒⇒⇒ <<<<  

 1+�~
�1E V ا
GWء ا
� )� ه� �W>��1 وهiا )� ��� >ق إEا�أن � QM&�x "�<7�
�Q أن درا���� ا�� �&( .  
   zmaxو  Zmaxــ �%��>ي  4

�" .�L اx+$@�ل و6%� اx+$@�ل M�+�M�&
� ا+*$�ض ا
 �." ا� + .  

 'DW�
 "�D�
. :2�L اx+$@�ل : �6
1

1
0

2mE m V= += += += +  

1: 6%� اx+$@�ل  max0mE m gz′′′′ = += += += +  
2

max 2m m

V
E E z

g
′′′′==== ⇒⇒⇒⇒ � ��دي  ====�� �zmax=7,2cm   

 "$M

���86 وا "�D�
�6  

( :2��S>ة .�L ا�+$@�ل 
2

1
0 0

2mE m V= + += + += + += + +  
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62%� اx+$@�ل 
max 2 max

1
2mE kZ m gZ′′′′ = += += += +  

2 2
max 2 max 22 0m mE E Z m gZ m V′′′′==== ⇒⇒⇒⇒ + − =+ − =+ − =+ − =  

 "�+�~
2)%�د
" )Q ا
�رC" ا 4 0, 29 0m mZ Z+ − =+ − =+ − =+ − =  

 OC�&
�6
�L ا �$��+max 0,07Z m====  

 �����5  
  : ــ 9��%" d>آ" ا
�>ص  1

 ,�D

���>�, ��� ا
�>ص 
d V>آ" دوران d�ل )��ر �m�DW ا "�� ا
%/." ا-���� +  
 ,�D
  : C>د ا
��ى ا
& ��" ��� ا

P
�
Rوزن ا
�>ص ،  

�
 ,�D
�> ا
�D, ��� ا
�>ص ، )GدوC" ا
�1 ا
& ��" )Q 9>ف ا`a� .  

( ) ( )M M MCP R J θ∆ ∆ ∆+ + =
� �

ɺɺ  ����
( ) 0M P∆ =
�

)و   ) 0M R∆ =
�

MCأي أن   J C Jθ θ θ∆ ∆= ⇒ − =ɺɺ ɺɺ 

�ـ"  
��
�" ا�#�$�

L@�+ 1 ��� ا
&%�د
" ا��
0: و�6
C

J
θ θ

∆

+ =ɺɺ       "ـ%�� E 1
��ـ1 و�6
�ـ�C ـ�B�d "ـ� j

 "���C "�  . d>آ" ا
�>ص d>آ" دورا+

0: دوره� ه�  2
J

T
C

π ∆=  

1 �6
�D�" ل  2�
0ــ �Ddب `�6�" ا 0,92T s=  :  
2

2 2 2 1
0 2

0

4
4 0, 233.10 . .

J J
T C N m rad

C T

ππ − −∆ ∆= ⇒ = =  

3  ���W
  : ــ 9��%" d>آ" ا
��اس ا
 ���W

���>�, ��� ا
��اس ا "�� ا
%/." ا-���� + :  

 ���W
  : C>د ا
��ى ا
& ��" ��� ا
��اس ا
P
�

Rوزن ا
�>ص ،  
�

   Qـ" )ـ�� &
�> ا
�D, ��� ا
�>ص ، )GدوC" ا
�1 ا`a�
 ,�D
  )  . 2(و)GدوC" ا
�1 ا
& ��" )Q 9>ف ا
�D, ) 1(9>ف ا

( ) ( )
21M M M MC CP R J θ∆ ∆ ∆+ + + =

� �
ɺɺ   و6&ـــــــــــــــ� أن( ) 0M P∆ =

�
و  

( ) 0M R∆ =
�

pEن 
21M MC C J θ∆+ = ɺɺ    

�61�5 أن  1MC C θ= 2و  − 2.MC C θ= −  .  

��ت 
���� أن  %&
�� )= 9�ل ا
Dـ�, ، أي أن   ODd1C اDM� O�����1

K
C

L z
=

−
2و  

K
C

z
أي أن  =

 V

��D, ا
iي 9� 1�
�� )= ا
 �ل  L`�6�" اDM� O����� ,
iآ :
K

C
L

=  

( )1 2 1 2C C J C C Jθ θ θ θ θ∆ ∆− − = ⇒ − + =ɺɺ ɺɺ   ض�1+%C  2وC  "
1E ا
&%�د
1 1

K J
L z z

θ θ∆
 − + = − 

ɺɺ 

 ,
iآ ����
 :.K C L= أي  

 
( )

( )

2

2

1 1
.

.
0

.

L
C L J C J

L z z z L z

L C

z L z J

θ θ θ

θ θ

∆ ∆

∆

 − + = ⇒ − = − − 

+ =
−

ɺɺ ɺɺ

ɺɺ

  

�> ا
�ور ب ــ �%�0T ′  :  
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( ) ( )0
0 2

.
2

.

z L z J T
T z L z

L C L
π ∆−

′ = = −  

�Dd0Tب  ′  "
�d 1E
3

L
z =  

0 0
0

2
2 0,43

3 3 3

T TL L
T s

L
 ′ = = = 
 

  

�Q أن ��
0Tج ــ  �6
�D�" ل  ′ "��@. "&�. ija�maxz z=   

OD�+0T ا
&N��" ا-و
� ل   ′  :  

( )
( )

00
2

0 2 0
2

T L zdT
L z

dt L z L z

−′
= = ⇒ − =

−

pE 1ن  ��
0Tو�6 ′  "��@. "&�. ijaل� "�D�
�6

2

L
z =   


" �M�ن ��
1E0 هmi ا
0max 0,46

2

T
T s′ = =  

�����6  

�>.�ص  1 "��@�
  : ــ ا
D>�" ا
Gاو�" ا


���86 ا
��Gو+1  "�D�
�6 1�
 =#�
�9CteC." ا
2
1

E 2
p ++++==== θθθθ ر��*+

 ،  m�N( <�2 86��
��B اE ن�M� 1�

" ا��
�" ا%C<( "
��� )�#= آ��
86 2�> )N�θθθθ  m====0ا
��ازن ��
M� 0E�ن ا p 0Cteأي أن ==== و ====

2
p C

2
1

E θθθθ====  

  V+از�#= ��6& mور<( ��� "��@. "�<� ija� ص�.<
آ&� أ+d ��� V>آ" ا
��اس ه��ك ا+�$�ظ . +%�' أن ا
�" أي M�+�M�&
equilibre(E)0(E(: ا
 �." ا mm )0(�6�5 أن  ====E(0(E)0(E Cpm ++++==== ".� 
ا

 "�k�6 "�<� ص �6ون�.<
�" ��� ا+ /ق اM�+�M�&
EC)0(0ا 2و ====
mp C

2
1

)0(E θθθθ====  1 أن�%�

2
mm C

2
1

E θθθθ====)1(  

  

 V+از�� =#�( Q( m���0 )>ورE p maxو ====
2

C J
2
1

E θθθθ∆∆∆∆
ɺ====  �2%�1 أن

maxm J
2
1

E θθθθ∆∆∆∆
ɺ====)2(  

  

 Q��./%
+D���� ) )2وQ()1 ( ا
∆∆∆∆

∆∆∆∆ θθθθθθθθθθθθθθθθ
J
C

J
2
1

C
2
1

mmaxmax
22

m ====⇒⇒⇒⇒==== ɺɺ   

  

� ��دي �� � :s/rad66,1max ====θθθθɺ  

���اس  2 "�  ــ �Ddب �9." ا
�#= وا
 �." ا
�>آ

 "7��
�Q )~/ ��� )>ورQ( m )�#= ا
��ازن و)�#= 1E ا%#�( Q�6 "�M�+�M�&
� ا+�$�ظ ا
 �." ا� +t   
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8

C3
)t(E

8

C
C

2
1

)t(E)t(EC
2
1

J
2
1

2
m

C

2
m2

mCC
22

max

θθθθ

θθθθθθθθθθθθθθθθ∆∆∆∆

====

−−−−====⇒⇒⇒⇒++++====ɺ

  

  

 =#�
: �Ddب �9." ا
8

C
EC

2
1

E
2

m
p

2
p

θθθθθθθθ ====⇒⇒⇒⇒====  

  

� ��دي �� � :J10.042,0E 4
C

J10.014,0Eو   ====−−−− 4
p

−−−−====                                                                                                              

 �����7  

∑∑∑∑:  Aــ أ ـ ��.M ا�/��L اE�EJ	� �%7 ا��2<  1 ==== θθθθ∆∆∆∆∆∆∆∆
ɺɺ

�
J)F( iMMMM  

 'DW
  :  CA>د ا
��ى ا
& ��" ��� ا
P  'DW
   Aوزن ا
T  O�>�
  ���> ا
R  O�>�
�> ا
&��ر ��� ا`a� .  

θθθθ∆∆∆∆∆∆∆∆∆∆∆∆∆∆∆∆
ɺɺ

���
J)T()R()P( ====++++++++ MMMMMMMMMMMM <�`a� bj و6&� أن

pEن �B(G&�  ∆����9%� )= ا
&��ر   Rوا
��ة  Tا
��ة 

∆∆∆∆∆∆∆∆θθθθأي أن . )�%�م 
ɺɺ

�
J)P( ====MMMM  

mgd)P( −−−−====
�

∆∆∆∆MMMM  5 أن��6θθθθsinld إذن  ====

θθθθθθθθ ∆∆∆∆
ɺɺℓ Jsinmg ====−−−−  

 'DW

�>آ" ا "��#�$�
 Aو+D���� ا
&%�د
" ا

0sin
J

mg ====++++ θθθθθθθθ
∆∆∆∆

ℓɺɺ  =��

" ا
��6i6iت ذات ا�d 1E

 x ص�*

" ا
�ور ا��
�> 1E هmi اz{ =��6 ��%��
θθθθθθθθ :ا
�6i6iت  ≈≈≈≈sin  

 1
��
�" ��� ا
LMN ا�#�$�
: و�@�? ا
&%�د
" ا

0
g

0
m

mg
2

====++++⇒⇒⇒⇒====++++ θθθθθθθθθθθθθθθθ
ℓ

ɺɺ

ℓ

ℓɺɺ   

�" أن d>آ" �#�$�
�Q( Q ا
&%�د
" ا���A  "�<kآ" دا<d
 "���C .  


iBا ا
��اس  0Tب ــ �%��> ا
�ور  :0 2T
g

π= ℓ
�DdT  :0ب ا
�ور   0,4 1,26T s sπ= =  

2  O�>��
 "�
�&&W���D� "وي ا
 �." ا
�>آ "�  : ــ أ ا
�>ه�ن ��� أن ا
 �." ا
�>آ

0J
2
1

J
2
1

E

)terre(E)A(E)tige(EE

22
C

CCCC

++++++++′′′′====

++++++++====

θθθθθθθθ ∆∆∆∆∆∆∆∆
ɺɺ

  


" -ن آ��" ��

M��" ا
DW' إذن G%Eم .@�رm )�%�م 1E هmi ا "�D�
�6 "�&B( O�>�
+%�' أن آ��" ا
'DW

�&&W��A  " ا
&W&��" )>آGة 1E ا "�A(EE(: إذن ا
 �." ا
�>آ CC ====  
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 "��&W&�
 "�22: ب ــ �%��> ا
 �." ا
�>آ
C

2
C m

2
1

EJ
2
1

E θθθθθθθθ∆∆∆∆
ɺℓɺ ====⇒⇒⇒⇒====  

  : ج ــ -��� ا��,+ ا�>*��	� �%������ 
 "�
��~
ODd :ctemgzE �%>�� �9." ا
�#= ا p )�VC +�� ا-��� أي أن  Oz+*��ر  ====++++

0cte0E0z p ====⇒⇒⇒⇒====⇒⇒⇒⇒====  

(((( ))))θθθθcos1mgE p −−−−==== ℓ =��

" ا
��6i6iت ذات ا�d 1E<�z{  نpE
2

1cos
2θθθθθθθθ −−−−====  "
��
و1E هmi ا

 1
��
  : �M�ن �9." ا
�#= ��� ا
LMN ا

2
mgE

2

p

θθθθ
ℓ====  

 "��&W&�
 "�M�+�M�&
  : د ــ ا
 �." ا

pcm EEE ++++====  


1  �6&� أ+���
�" �O�M ��� ا
LMN ا�(G
�" pEن )%�د
��B ا��C "�6i6i� "آ<d 6@�د

0

0 0

2
cos

2 2
sin

m

m

t
T

t
T T

πθ θ φ

π πθ θ φ

 
= + 

 

 
= − + 

 

ɺ

  

 "�M�+�M�&

� �." ا "
  :+%�ض 1E ا
&%�د

 

2 2 2

2

2 2 2 2 2

0 0 0

1 1

2 2

2 2 1 2
sin cos

2

1
      

2

m

m m

E ml mgl

ml t mgl t
T T T

θ θ

π π πθ φ θ φ

= +

     
= + + +     

     

ɺ

 

 �+��� "��#�$�
ODd ا
&%�د
" ا
l
g2

0 ====ωωωω  

2 2 2 2 2

0 0

2 2 2

0 0

2

2 1 2
sin cos

2

2 2
sin ( ) cos

1

2

1
     

2

1
     

2

     

m m m

m

m m

g
E ml t mgl t

l T T

ml t t
T T

E ml

π πθ φ θ φ

π πθ φ φ

θ

   
= + + +   

   

  
= + + +   

  

=

  

�" +7>ا -ن M�+�M�&
D+CteEm��� أن ه��ك ا+�$�ظ ا
 �." ا ==== 


�ن Q	P ا�"او�� ـ  1ــ  3� Fا��,+ ا���2*� وا��,+ ا�� �	� �	آ����.M �.�ه�1 ا����� ا�
 �����ααααm  



 Page 12 

 

 

(((( ))))

gl2

v
1cos

cosmgl2mgl2mv

cos1mglmv
2
1

2
A

m

m
2

A

m
2

A

−−−−====

−−−−====

−−−−−−−−====−−−−

αααα

αααα

αααα

  

 �W+ دي�� ��� �
3m

ππππαααα ====  

�? ا�*W	U إ�7 و,+ ��از�V P	�  Aأ ــ ا����2 ا�$���� ا��U�� F إ���ؤه� �2�%< � F
�
  :  ا���2*�

 <��D&
ππππαααα: و#= ا
��ازن 2�> ا ====m   1أي أنcos m −−−−====αααα   1 أن�%�gl2vA ====′′′′   

� ��دي �� �s/m4vA ====′′′′  


" d>آ" دورا +�" d�ل ا
&��ر ��
�M�� O�ن 1E هmi ا>�
أي )�Dر ا
M>ة )�Dر داk>ي  ∆ب ــ d>آ" ا
  .  ∆)>آmG ا
�� " ا
��B�( <&� 1 ا
&��ر 

  
  
  
  
  


